Semiclassical long throats of the wormholes by Popov Arkadiy Aleksandrovich
Grav. Cosmol. No.XX, 2014
Semiclassical long throats of the wormholes1
Arkady A. Popov2
Kazan Federal University, 18 Kremlyovskaya St., Kazan 420008, Russia
Received April 21, 2014
The vacuum polarization of the quantized scalar field with non-conformal coupling ξ on the long throat of
a wormhole background is calculated. It is shown that the stress-energy tensor of vacuum fluctuations in
considered spacetime is determined by the local geometry of spacetime only. The self-consistent solutions
of the semiclassical Einstein field equations describing a long throat of a traversable wormhole are obtained.
1 Introduction
By definition a wormhole is a bridge connecting two
asymptotically flat regions. Usually such construc-
tion is a classical object and should satisfy to Ein-
stein equations. The topology of the 4D wormholes
is the topology of direct product of the Minkowski
plane and a unit sphere. Static traversable worm-
holes could be threaded by ”exotic matter” that
violates certain energy conditions at least at the
throat [1]. As an example of such a matter one can
consider the vacuum of quantized fields. This ap-
proach gives the possibility to consider the worm-
hole metric as the self-consistent solution of the
semiclassical theory of gravity. In the realm of this
theory the vacuum fluctuations of the quantized
fields are the source of spacetime curvature3
Gµν = 8pi〈Tµν 〉ren. (1)
The main difficulty in the theory of semiclassical
gravity is that the effects of the quantized gravi-
tational field are ignored. The popular solution of
this problem is to justify ignoring the gravitational
contribution by working in the limit of a large num-
ber of fields, in which the gravitational contribution
is negligible. Another problem is that the vacuum
polarization effects are determined by the topolog-
ical and geometrical properties of spacetime as a
whole or by the choice of quantum state in which
the expectation values are taken. It means that cal-
culating of the functional dependence of 〈Tµν 〉ren on
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the metric tensor in an arbitrary spacetime presents
formidable difficulty. Only in some spacetimes with
high degrees of symmetry for the conformally in-
variant fields 〈Tµν〉ren can be computed and equa-
tions (1) can be solved exactly [3]. Let us stress
that the single parameter of length dimensionality
in such a problem is the Planck length lPl . This
implies that the characteristic scale l of the space-
time curvature (which correspond to the solution
of equations (1)) can differ from lPl only if there
is a large dimensionless parameter. As an example
of such a parameter one can consider a number of
fields the polarization of which is a source of space-
time curvature4. In some cases 〈Tµν〉ren is deter-
mined by the local properties of a spacetime and it
is possible to calculate the functional dependence of
the renormalized expression for the vacuum expec-
tation value of the stress-energy tensor operator of
the quantized fields on the metric tensor approxi-
mately. One of the most widely known examples of
such a situation is the case of a very massive field.
In this case 〈Tµν 〉ren can be expanded in terms of
powers of the small parameter
1
ml
 1, (2)
where m is the mass of the quantized field and l
is the characteristic scale of the spacetime curva-
ture [4, 5]. Using the first nonvanishing term of
this expansion for minimally or conformally cou-
pled scalar field Taylor, Hiscock and Anderson [6]
have showed that the equations (1) have no worm-
hole solution for some class of static spherically
4Here and below it is assumed, of course, that the charac-
teristic scale of change of the background gravitational field
is sufficiently greater than lPl so that the very notion of a
classical spacetime still has some meaning.
2symmetric spacetimes. Let us stress that in this
case the existence of an additional parameter of
the length dimensionality 1/m does not increase
the characteristic scale of the spacetime curvature
which is described by the solution of equations (1)5.
It is necessary to note that different quan-
tum field theory constraints on the parameters of
traversable wormholes are known [7]. As a rule
these constraints were derived for a massless scalar
field.
The purpose of this paper is to examine whether
the vacuum fluctuations of quantized fields in the
one-loop approximation in Einstein’s theory can
create traversable Lorentzian wormholes. One of
the possible ways to solve this problem is to use
the analytical approximation for the expectation
value of the stress-energy tensor operator of the
quantized matter fields in curved spacetimes [5,
8]. This approach was realized in the works [9].
The problem of such an approach is the uncer-
tainty of the applicability limits of such approxima-
tions. As it was noted by Khatsymovsky [10] in the
spacetime that is a direct product of the Minkowski
plane and a two-dimensional sphere of a fixed ra-
dius (the topologies of this spacetime and worm-
hole spacetime coincide) these approximations are
not applicable. Another way to obtain the worm-
hole solution of equations (1) is to use the model
of short-throat flat-space wormhole [11] (see also
[12]). This model represents two identical copies
of Minkowski spacetime with spherical regions ex-
cised from each copy and so that points of these
regions are identical. One can consider this model
as the first approximation of real situation if there
is a small parameter L/r , where L is the length
of the throat and r is the radius of the throat.
At the present time only the full vacuum energy
of quantized scalar field have been calculated in
this spacetime. Nevertheless it gives a possibility to
make some evaluations of the radius of a wormhole
throat. A completely opposite model is the model
of a long-throat wormhole. Local approximations
for 〈Tµν 〉 in the throat of static spherically sym-
metric long-throat wormhole were obtained in [13]
for massless fields of spin 1 and 1/2. The results
of these works were obtained by the WKB method
and the small parameter of these approximations
is the ratio of the throat radius to the length of
5The characteristic scale of the components Gµν on the
left-hand side of equations (1) is 1/l2 , on the right-hand
side - lPl
2/(m2l6) .
the throat. This result gives the possibility to re-
ply to the question: can the throat of a long-throat
wormhole be created by the vacuum fluctuations of
quantum fields?
In this paper, the results of the work [14] are
used to evaluate the local approximation of the
renormalized expression for the vacuum expecta-
tion value of the stress-energy tensor operator of
the quantized scalar field in the throat of static
spherically symmetric long-throat wormhole space-
time (Sec.2). In Sec.3 the solution of semiclas-
sical Einstein field equations describing the long
throat of a traversable Lorentzian wormhole are
given. Sec.4 summarizes the contents.
2 Stress-energy of a quantized
scalar field in spacetime of static
spherically symmetric long throat
wormhole
The line element of a static spherically symmetric
wormhole spacetime can be written as
ds2 = −fdt2 + dρ2 + r2(dθ2 + sin2 θdφ2). (3)
where −∞ < ρ <∞ and f = f(ρ), r = r(ρ).
The vacuum polarization effects of a quantized
field can be described approximately [13, 14] in
the region of variation of ρ where the functions
f(ρ), r(ρ) change slowly. One can consider such a
region as a long throat of a wormhole. It is nec-
essary to note that the notion of throat’s length
is not well-defined. To discuss this notion let us
consider the model of wormhole
ds2 = −dt2 + dρ2+[ρ tanh (ρ/λ)
+r0]
2 (dθ2 + sin2 θdφ2). (4)
In this model the parameter r0 describes the radius
of the throat. In the region |ρ|  λ the spacetime
is asymptotically flat. A curved region |ρ| . λ can
be called the throat of the wormhole and λ char-
acterizes the length of this throat (see, also, [15]).
In a more general case the length of the throat can
be defined as a scale characterizing the variation
of the metric function r2(ρ) at the throat provided
that this scale is much more than the radius of the
throat. Additionally one should assume that f(ρ)
is changed slowly.
The renormalized expressions for the vacuum
expectation value of the stress-energy tensor oper-
ator of the quantized scalar field in the region of
3variation of ρ where the functions f(ρ) and r(ρ)
change slowly can be expanded (see [14]) in terms
of powers of the small parameter
L?(ρ)/L(ρ) 1, (5)
where
L?(ρ) =
[
m2 +
2ξ
r2
]−1/2
, (6)
m is the mass of the scalar field, ξ is its coupling to
the scalar curvature and L(ρ) is a scale of variation
of the metric functions:
1
L(ρ)
= max
{∣∣∣∣r′r
∣∣∣∣ , ∣∣∣∣f ′f
∣∣∣∣ , √|ξ| ∣∣∣∣r′r
∣∣∣∣ , √|ξ| ∣∣∣∣f ′f
∣∣∣∣ ,∣∣∣∣r′′r
∣∣∣∣1/2 , ∣∣∣∣f ′′f
∣∣∣∣1/2 , √|ξ| ∣∣∣∣r′′r
∣∣∣∣1/2 , . . .
}
. (7)
The zeroth-order terms (with respect to a small pa-
rameter L?/L) of the renormalized expression for
the vacuum expectation value of the stress-energy
tensor operator of the quantized scalar field in such
a spacetime is given by (see [14])〈
T tt
〉
ren
=
〈
T ρρ
〉
ren
=
1
4pi2r4
{
m2r2
8
(
ξ − 1
8
)
+
79
7680
− 11
96
ξ +
3
8
ξ2 +
[
−m
4r4
8
+
m2r2
2
(
1
6
− ξ
)
− 1
60
+
1
6
ξ − 1
2
ξ2
]
ln
√
µ2
m2DSr
2
+
[
2m2r2
(
ξ − 1
8
)
+
m4r4
2
+ 2
(
ξ − 1
8
)2]
[I1(µ)− I2(µ)]
}
, (8)
〈
T θθ
〉
ren
=
〈
Tϕϕ
〉
ren
=
1
4pi2r4
{
m2r2
8
(
ξ − 1
8
)
+
[
−m
4r4
8
− 1
8
(
ξ − 1
8
)2
+
1
60
− 1
6
ξ
+
1
2
ξ2
]
ln
√
µ2
m2DSr
2
+
[
m2r2
(
1
8
− ξ
)
−2
(
ξ − 1
8
)2]
I1(µ) +
[
m4r4
2
+2m2r2
(
ξ − 1
8
)
+ 2
(
ξ − 1
8
)2]
I2(µ)
}
, (9)
〈Tµν 〉ren = 0, µ 6= ν, (10)
where
µ2 = m2r2 + 2ξ − 1/4 > 0, (11)
I1(µ) =
∫ ∞
0
x ln |1− x2|
1 + e2pi|µ|x
dx,
I2(µ) =
∫ ∞
0
x3 ln |1− x2|
1 + e2pi|µ|x
dx, (12)
mDS is equal to the mass m of the field for a mas-
sive scalar field. For a massless scalar field it is an
arbitrary parameter due to the infrared cutoff in
renormalization counterterms for 〈Tµν 〉 . A partic-
ular choice of the value of mDS corresponds to a
finite renormalization of the coefficients of terms in
the gravitational Lagrangian and must be fixed by
experiment or observation. Note that the renormal-
ized expectation values of the stress-energy tensor
components (8-10) are exact if f(ρ) = const and
r(ρ) = const . Note also that 〈Tµν 〉ren is conserved
〈Tµν 〉ren;µ = 0 (13)
and, for the conformally invariant field, has a trace
equal to the known trace anomaly [16]〈
Tµµ
〉
ren
=
−1
2880pi2
[
CαβγδC
αβγδ +RαβR
αβ
−1
3
R2 −R
]
= − 1
4pi2r4
1
360
. (14)
The expressions (8) and (9) may be simplified
in the cases of massless field. In particular, if
m = 0, ξ = 1/6, L2  r
2
2ξ
, (15)
then〈
T tt
〉
ren
=
〈
T ρρ
〉
ren
' 1
4pi2r4
[
0.00310
+
1
720
ln (m2DSr
2)
]
, (16)
〈
T θθ
〉
ren
=
〈
Tϕϕ
〉
ren
' 1
4pi2r4
[
− 0.00171
− 1
720
ln (m2DSr
2)
]
. (17)
In the case of a very massive field
m2r2  | 2ξ| , µ2  1, L2  r
2
2ξ
(18)
the expressions for In(µ) and ln(
√
µ2/m2DSr
2) can
be expanded in terms of powers of (2ξ−1/4)/(m2r2).
4As a result the expressions (8-10) can be written
in the form
〈Tµν 〉ren =
1
4pi2r4
[
1
m2r2
(
ξ3
6
− ξ
2
12
+
ξ
60
− 1
630
)
+O
(
(2ξ − 1/4)2
m4r8
)]
−1 0 0 0
0−1 0 0
0 0 2 0
0 0 0 2
 . (19)
These expressions can be obtained directly from
the correspondent terms of the DeWitt-Schwinger
approximation if we assume that f = const and
r2 = const .
3 Solutions
As it was mentioned above the right hand side of
equations (1) may be expanded in terms of pow-
ers of the small parameter L?/L in the region of
variation of ρ where the metric functions f(ρ) and
r(ρ) change slowly. This implies that these equa-
tions may be solved iteratively. And to obtain
the zeroth-order solution of equations (1) one must
omit the terms of order 1/L2 in left hand side of
these equations the same way as the corresponded
terms in right hand side was omitted (in expres-
sions for 〈Tµν 〉ren (8,9))
Gtt = −
1
r2
−(r
2)′2
4r4
+
(r2)′′
r2
= − 1
r2
+O
(
1/L2
)
,
Gρρ = −
1
r2
+
(r2)′2
4r4
+
f ′(r2)′
2fr2
= − 1
r2
+O
(
1/L2
)
,
Gθθ = G
ϕ
ϕ=
(r2)′′
2r2
+
f ′′
2f
+
f ′(r2)′
4fr2
− (r
2)′2
4r4
− f
′′
4f2
= O
(
1/L2
)
. (20)
The zeroth-order solution is valid in the region of
variation of ρ where L?(ρ)/L(ρ)  1. As it was
mentioned above one can consider such a region as
a long throat of a wormhole.
The principal problem of the solution of equa-
tions (1) in considered case is that we have two
equations on only one unknown variable r2 . This
problem can be overcome by the insertion into
consideration the classical electrostatic field. The
stress-energy tensor of such a field created by the
charge Q in coordinates (3) is
Tµν =
Q2
8pir4
diag (−1,−1, 1, 1) . (21)
Thus the parameter Q plays a role of an additional
variable.
Now let us consider the case in which the right
hand side of equations (1) is determined by this
electrostatic field and two quantized scalar fields:
conformally invariant field (ξ1 = 1/6,m1 = 0) and
very massive field (ξ2 ≡ ξ - arbitrary constant,
m2 ≡ m , µ22 = m2r2 + 2ξ − 1/4  1, m2r2 
|2ξ − 1/4|). For this case the Einstein’s equations
have the form
− 1
8pir2
' 1
4pi2r4
[
0.00310 +
1
720
ln (m2DSr
2)
+
1
m2r2
(
−ξ
3
6
+
ξ2
12
− ξ
60
+
1
630
)]
− Q
2
8pir4
, (22)
0 ' 1
4pi2r4
[
−0.00171− 1
720
ln (m2DSr
2)
+
1
m2r2
(
ξ3
3
− ξ
2
6
+
ξ
30
− 1
315
)]
+
Q2
8pir4
. (23)
The consequence of these equations is
r4 +
r2
360pi
+
1
pim2
(
ξ3
3
− ξ
2
6
+
ξ
30
− 1
315
)
' 0.
(24)
The solution of this equation which satisfies the
condition
r2  1/(720pi) (25)
is
r2 '
√
− 1
pim2
(
ξ3
3
− ξ
2
6
+
ξ
30
− 1
315
)
. (26)
The second independent equation of system (22,23)
imposes a constraint on Q2
Q2 ' 2
pi
{
0.00171 +
1
720
ln
[
m2DS
m
√
pi
(
−ξ
3
3
+
ξ2
6
− ξ
30
+
1
315
)1/2]
+
√
pi
m
(
−ξ
3
3
+
ξ2
6
− ξ
30
+
1
315
)1/2}
. (27)
If we take into account (25) and m2r2  |2ξ−1/4| ,
the conditions of validity of this solution can be
written as follows
− pi (2ξ − 1/4)
2(
ξ3
3
− ξ
2
6
+
ξ
30
− 1
315
)  m2 
−518400pi
(
ξ3
3
− ξ
2
6
+
ξ
30
− 1
315
)
. (28)
5It is necessary to remember that the region of va-
lidity of the semiclassical theory of gravity is deter-
mined by the condition r  1. All these conditions
are valid for ξ < 0, |ξ|  1. A particular solution
of system (22,23) is
ξ = −104, m2 = 103, r ' 101.49. (29)
Let us note that the stress-energy of the fields con-
sidered here have the needed ”exotic” properties
(in the sense of Morris and Thorne [1]) to support
the long throat of a wormhole:
pr = − = 1
4pi2r4
[
0.00310 +
1
720
ln (m2DSr
2)
+
1
m2r2
(
−ξ
3
6
+
ξ2
12
− ξ
60
+
1
630
)]
− Q
2
8pir4
< 0, (30)
where pr is the radial pressure,  is the energy den-
sity and r,Q are determined by expressions (26,27).
4 Conclusions
In this paper we succeed in finding the solution
in semiclassical theory of gravity which describes
the long throat of the wormhole. Such objects are
created by the electrostatic field and the vacuum
fluctuations of quantized scalar fields. The stress-
energy tensor of these fluctuations in considered
spacetime is determined by the local geometry of
spacetime only. The geometry of spacetime far
from the throat is not described by the obtained
zeroth-order (with respect to the small parameter
L?/L) solution. The obvious defect of such solu-
tions is as follows: the value of |ξ| which corre-
sponds to the large (with respect to the Planck
length) value of throat radius is also large (with
respect to 1). The latter seems unlikely. Neverthe-
less in the ”large N ” case, in which the number of
matter fields is large, the radius of throat r is pro-
portional to
√
N (N1/4 for the very massive fields)
and the value of r which satisfy to the condition
r  1 (i.e. much more than the Planck length)
can be obtained for the value of |ξ| lesser than one
considered above.
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